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Abstract: We theoretically analyzed the propagation of the phonon polaritons (PhPs) of van
der Waals (vdW) α-MoO3 biaxial crystal by solving the wave equation in two dimensional optical
waveguide model. The dispersion relation and electromagnetic field distribution of different orders
PhPs waves are obtained. And it is found that the in-plane spatial dispersion relations of α-MoO3
waveguide modes are elliptical and hyperbolical in different mid-infrared response bands. Using
the near-field optical nanoimaging, we obtain the directly experimental evidence for the in-plane
dispersion of α-MoO3 waveguide modes, which support our theoretical prediction.
The phenomenon of optical birefringence indicates that
the crystal is optically anisotropic and has different prop-
erties for different polarized light. This special opti-
cal property of crystal is the result of interaction be-
tween electromagnetic field and crystal, which shows the
anisotropy of interaction between crystal and electromag-
netic field. The anisotropic crystal will polarize under
the action of the external electromagnetic field. If the
material structure is anisotropic, the polarization of the
material is also anisotropic [1]. Due to the novel prop-
erties of anisotropic materials, the artificial design and
construction of metamaterials have attracted great at-
tention. Van der Waals (VdW) materials is a kind of
natural anisotropic material [2, 3]. Compared with the
artificial anisotropic materials, the natural anisotropic
materials provide the uniformity of materials in a smaller
scale. Such vdW materials and atoms between layers are
bonded by a weak vdW force, and atoms in unit layer
are covalently bonded. The bonding mode of vdW ma-
terials determines that such materials can cause highly
anisotropic lattice vibrations along different crystal di-
rections. This also leads to the anisotropic optical re-
sponse of vdW materials. When the element in the di-
electric tensor which describing the optical response has
a different sign, the material exhibits novel hyperbolic
response characteristics. So far, it has been found that
hyperbolic response vdW materials are hexagonal boron
nitride [4–8] (h-BN) and α phase molybdenum oxide [9–
11] (α-MoO3). Where h-BN is a natural uniaxial hyper-
bolic material, and α-MoO3 is a kind of natural biaxial
hyperbolic material.
Polaritons are electromagnetic waves coupled to
charged dipoles in solid-state materials [12]. Due to
the different mechanism of material and electromagnetic
field, the kinds of polaritons are complex [2, 3]. These
include surface plasmons polaritons [13–17] (SPPs),
∗ E-mail: chenhj8@mail.sysu.edu.cn;stsdsz@mail.sysu.edu.cn
phonon polaritons [4–11] (PhPs) and exciton polari-
tons [18–20](EPs). Recently, it has been found that vdW
crystal is a 2D material which can support the transmis-
sion of polaritons. Where PhPs induced by coupling of
electromagnetic fields with optical phonons in polar crys-
tals which can strongly confine the free-space light field
deeply below the subwavelength region. PhPs have been
studied in various polar dielectric crystals, and the propa-
gation of PhPs can be modulated by heterostructure [7, 8]
and metasurface [21]. The propagation of polaritons has
became the focus of attention, but the analytical solution
which can describe the propagation of polaritons in 2D
materials completely has not been reported.
In this letter, we obtain the analytical solution describ-
ing the propagation evolution of the PhPs by solving
the Maxwell′s equations in 2D optical flake waveguide
model. This is an important part of the study of polari-
tons propagation. It shows that PhPs waves are trans-
verse magnetic (TM) waveguide modes, and the disper-
sion relations of TM modes and the spatial distribution
of electromagnetic field are obtained. The unpublished
works [22] without experimental verification are similar
to ours. Taking α-MoO3 as an example, we obtained
the elliptical and hyperbolic in-plane spatial dispersion
at different excitation frequencies. In order to verify the
correctness of the theoretical model, the numerical solu-
tion is obtained by numerical simulation with COMSOL
software. In order to show the in-plane spatial dispersion
of α-MoO3, the near-field optical scanning of its circular
hole nanostructures was carried out. This latter pro-
vides a theoretical support and an effective experimental
method for studying the propagation evolution of PhPs.
Dou to the pulse in the waveguide is the linear superpo-
sition of the regular modes of the waveguide in narrow
band, the theoretical analysis also lays the foundation for
the pulse propagation in the 2D optical flake waveguide.
In order to investigate the propagation characteris-
tics of PhPs, the propagation model of 2D optical flake
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FIG. 1. Schematic diagram of three-layer optical flake waveg-
uide.
waveguide needs to be established. In the coordinate sys-
tem aligned to axis of a anisotropic crystal, the optical
properties of biaxial bulk materials can be expressed by
dielectric permittivity tensor εˆ can be expressed as
εˆ =
 εx 0 00 εy 0
0 0 εz
 , (1)
when the element in the dielectric tensor has a nega-
tive value, the waveguide just can support the propaga-
tion of transverse magnetic (TM) modes [2, 3]. It is as-
sumed that the substrate and the covering are isotropic
materials, and their dielectric constants are εs and εc
respectively. Let’s first assume that the electromag-
netic wave travels along the x-axis, and the correspond-
ing transmitted waveguide modes can be expressed as
E(x, z) = ~eE(z) exp(iqx− iωt). TM modes (Ex, Hy, Ez)
in the 2D flake waveguide just have a magnetic field com-
ponent Hy which polarized along y-axis, which is coupled
by Maxwell′s equations to an electric field in the x-z plane
having both Ex and Ez components. The equations de-
scribing the magnetic field strength in each medium are

∂2Hy
∂2z
+ (k20εc,s − q2)Hy = 0,
∂2Hy
∂2z
+ (k20εx −
εx
εz
q2)Hy = 0,
(2)
where k0 = 2pi/λ is the free space wavevector, q is
the propagation constant of TM modes. The waveg-
uide modes are bounded solution of bound state, so it
must satisfy k20εc,s − q2 < 0 and k20εx − (εx/εz)q2 > 0.
The bound state solutions of the equations (2) describ-
ing the magnetic field distribution in the cover layer
(z > 0), waveguide layer (−d < z < 0) and substrate
layer (z < −d) which are displayed in Fig.1 are
Hy =

A exp(−αcz),
A cos(kzz) +B sin(kzz),
[A cos(kzd)−B sin(kzd)] exp[αs(z + d)],
(3)
where αc,s =
√
q2 − k20εc,s, kz =
√
k20εx − (εx/εz)q2 and
d is the thickness of the optical flake waveguide. Useing
the Faraday′s law ∇×H = iωεˆE, we can get the distri-
bution of electric fields component Ex which parallel to
waveguide surface are
Ex =

− iαc
ωε0εc
A exp(−αcz),
− ikz
ωε0εx
[A sin(kzz)−B cos(kzz)],
iαs
ωε0εs
[A cos(kzd)−B sin(kzd)] exp[αs(z + d)],
(4)
and electric fields component Ez which perpendicular to
waveguide surface are
Ez =

q
ωε0εc
A exp(−αcz),
q
ωε0εx
[A sin(kzz)−B cos(kzz)],
q
ωε0εs
[A cos(kzd)−B sin(kzd)] exp[αs(z + d)].
(5)
Next, we need to match the continuity boundary condi-
tion of electromagnetic field at the interface (z = 0,−d)
of different medium{
Exc = Exw, Hyc = Hyw (z = 0),
Exw = Exs, Hyw = Hys (z = −d), (6)
then we can get(
αc
εc
kz
εx
kz
εx
sin(kzd)− αsεs cos(kzd) kzεx cos(kzd) + αsεs sin(kzd)
)(
A
B
)
= 0.
(7)
The equations (7) have nontrival solutions just when de-
terminant is zero, then the dispersion relation of TM
modes in optical flake waveguide is obtained which ex-
pressed as
kzd = arctan
(√
εxεz
εc
αc
kz
)
+ arctan
(√
εxεz
εs
αs
kz
)
+mpi
(8)
Without loss of generality, when the propagation direc-
tion of waveguide modes is in any direction of in-plane,
coordinate transformation is needed to study the opti-
cal propagation in non-spindle coordinate system. Co-
ordinate matrix of the principal axis coordinate system
is expressed as Xˆ = (x, y, z)T . If the transformation
matrix is expressed as Tˆ , then coordinate matrix and
dielectric tensor in the non principal axis coordinate sys-
tem can be expressed as Xˆ ′ = Tˆ Xˆ = (x′, y′, z′)T and
εˆ′ = Tˆ εˆTˆ−1, respectively. The corresponding electro-
magnetic field component of TM modes propagating in
x′ direction is (Ex′ , Hy′ , Ez′). In order to discuss the
propagation of anisotropic flake waveguide modes in non-
spindle axis direction, the rotation transformation matrix
Tˆ can be expressed as
Tˆ =
 cos θ sin θ 0− sin θ cos θ 0
0 0 1
 , (9)
3and the dielectric tensor εˆ′ can be expressed as
εˆ′ =
 εx cos2 θ + εy sin2 θ (εy − εx) sin θ cos θ 0(εy − εx) sin θ cos θ εx cos2 θ + εy sin2 θ 0
0 0 1
 .
(10)
Order εt = εx cos
2 θ + εy sin
2 θ, the dispersion rela-
tions under the non-spindle coordinate system can be
expressed as√
εt
εz
√
k20εz − q2d = tan−1
(√
εtεz
εc
√
q2 − k20εc
k20εz − q2
)
+ tan−1
(√
εtεz
εs
√
q2 − k20εs
k20εz − q2
)
+mpi,
(11)
where m = 0, 1, 2 · ·· is the order of TM modes. The equa-
tion (11) implies that the relation q[εˆ(ω), d, θ,m]. This is
the analytical formula of dispersion relation of waveguide
modes. Our theoretical model is Maxwell′s equations,
now we make transformations as follows
x¯ =
x
κ
, y¯ =
y
κ
, z¯ =
z
κ
. (12)
Before and after the transformation, only the scale has
changed, the system of Maxwell′s equations keep un-
changed. The TM modes which considered owns the
transform invariance. For simplicity, the parameters of
the waveguide models before and after the transforma-
tion can be expressed as
Σ1 = {ψ(x, y, z, t), k0, kz, αc, αs, q},
Σ¯2 = {ψ¯(x¯, y¯, z¯, t), κk0, κkz, καc, καs, κq},
(13)
where ψ(x, y, z, t) represents the temporal and spa-
tial distribution of electromagnetic field in propagation
modes. If κ has dimension of length, the transformed
system is dimensionless. So the influence of sample thick-
ness d on dispersion relation is eliminated when κ = d.
Different kinds of polaritons in optical waveguides
come from different kinds of particles coupled with elec-
tromagnetic field. In vdWs crystal, h-BN and α-MoO3
are hyperbolic materials that can support the propaga-
tion of PhPs which based on crystalline structure. The
optical response of the polar vdWs crystal is dominated
by the phonon absorption, and its dielectric tensor can
be calculated by using a Lonrentz model [5, 6, 11] :
εj(ω) = ε
j
∞
(
1 +
ωj2LO − ωj2TO
ωj2TO − ω2 − iωΓj
)
, (j = x, y, z)(14)
where εj denotes the diagonal element in the dielectric
tensor of the spindle. The parameter εj∞ is the high fre-
quency dielectric constant, parameters ωLO and ωTO are
longitudinal optical (LO) and transverse optical (TO)
phonon frequencies, respectively. And Γ is the broaden-
ing factor. In vdWs crystal, h-BN and α-MoO3 are ma-
terials that can support the propagation of PhPs which
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FIG. 2. Optical properties and lattice structure of α-MoO3.
(a) Dielectric constant of α-MoO3. (b) Raman spectrum of
α-MoO3 in illustration. Scale bars=200µm. (c) Crystalline
structure of α-MoO3. (d) Iso-frequency surfaces of α-MoO3.
based on crystalline structure. α-MoO3 is taken as an
example in this latter, which is a natural biaxial hyper-
bolic material. These parameters of α-MoO3 in this pa-
per were taken from the existing literature [11]. Fig.2 (b)
is the Raman spectrum of α-MoO3. Due to the different
infrared activity of phonon modes along different crys-
talline directions, the infrared response range of phonons
in different crystalline directions is also different which
shows in Fig.2 (c). In the Reststrahlen band between
the LO and TO frequencies of phonon response, the real
part of dielectric constant Re(εj) is negative. Fig.2 (a)
shows the dielectric constant of α-MoO3. In the spindle
coordinate system, the x, y and z-axis which correspond
to the crystalline directions [100], [001], and [010] of the
α-MoO3, respectively. The optical properties of bulk ma-
terials can be described by iso-frequency surfaces [23],
which describes the material dispersion by the wave vec-
tor of plane electromagnetic wave. And the iso-frequency
surfaces can be calculated by
(εxk
2
x + εyk
2
y + εzk
2
z)(k
2
x + k
2
y + k
2
z) + k
4
0εxεyεz
− k20[εx(εy + εz)k2x + εy(εx + εz)k2y + εz(εx + εy)k2z ] = 0.
(15)
Fig.2 (d) shows the iso-frequency surfaces of α-MoO3
at frequencies 990cm−1, 920cm−1 and 750cm−1, respec-
tively. And the optical hyperbolic response characteris-
tics are shown in different frequency bands.
The propagation characteristics of waveguide modes
are determined by material dispersion and the spatial
structure of waveguide. In the past, the Fresnel reflec-
tion coefficient rp [4, 7, 8, 10, 11, 13, 24] has been used to
calculate the dispersion relation of 2D optical waveguide.
But this method can only rough calculate the dispersion
relation and can’t describe the evolution of electromag-
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FIG. 3. Dispersion relation and electromagnetic field distri-
bution of α-MoO3 flake waveguide modes. (a) Dispersion re-
lation for the PhPs in α-MoO3 waveguide. (b) Dispersion
relation of α-MoO3 waveguide modes along [100] and [001]
directions. (c-e) In-plane spatial dispersion of PhPs at three
specific frequency. (f-h) Calculated Re(Ez) of electric field dis-
tributions launching with a p-polarized electric dipole. The
false color image in (b-e) reflects the imaginary part of the
complex reflectivity, Imrp, of the air/α-MoO3/SiO2 multi-
layer structure. The white solid line in (b-e) is the analytical
results. In (b), the black square and the red circle are the
numerical results and experimental data respectively.
netic fields completely. In order to show the superiority
of the analytical solution, the comparison between the
dispersion relation calculated by Fresnel reflection coef-
ficient and the results calculated by the analytical so-
lution (11) is shown in Fig.3 (b-e). And 1n Fig.1, we
draw the magnetic field Hy distribution curve of several
order waveguide modes which are propagating along the
[100] crystal direction when the excitation frequency is
990cm−1. This can not be achieved by Fresnel reflection
coefficient. Fig.3 (a) is the dispersion relation at mid-
infrared frequency band of air/α-MoO3/SiO2 multilayer
structure. At the same excitation frequency, the propa-
gation constant q of the mode increases with the increase
of waveguide mode order m. The contour in Fig.3 (a)
is the in-plane spatial dispersion at the corresponding
frequency. The in-plane spatial dispersion reflects the
propagation behavior of waveguide modes in different di-
rections. Fig.3 (c-e) shows the in-plane spatial disper-
sion of TM0 mode at frequencies 990cm
−1, 920cm−1 and
750cm−1, respectively. There are two main kinds of in-
plane spatial dispersion of α-MoO3 waveguide modes: el-
liptical and hyperbolic. The elliptical and hyperbolic in-
plane spatial dispersion based on the out-plane (εz < 0)
and in-plane (εt < 0) hyperbolic material dispersion of
α-MoO3. And they are in the abnormal dispersion re-
gion and the normal dispersion region respectively from
Fig.3 (b). The in-plane spatial dispersion is equivalent
to the Fourier transform of the in-plane distribution of
electromagnetic field excited by a ~p-dipole in Fig.3 (f-h).
In order to consistent with the situation in experiments,
the thickness d of α-MoO3 in the COMSOL numerical
calculation is 210nm. And the statistics of numerical re-
sults of PhPs wavelength along [100] and [001] directions
are displayed in Fig.3 (b). It can be found that the nu-
merical solution and the analytical solution fit perfectly.
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FIG. 4. Detection and analysis of PhPs in α-MoO3 mi-
crostructure. (a) AFM topography. (b-c) Near-field optical
images of α-MoO3 circular hole microstructure. (d) Normal-
ized near-field amplitudes at red, blue and black line marked
in (b-c) and (d-e) respectively. (e-f) Theoretical interference
patterns of the PhPs in α-MoO3. Scale bars=1µm.
The in-plane propagation characteristics of PhPs can
be observed by the way of nano antenna excitation in ex-
periment, but this method requires the growth and trans-
fer of metal nano particles. In order to show the propa-
gation characteristics of the PhPs in α-MoO3 by a sim-
ple experimental method, the circular hole microstruc-
ture of α-MoO3 flakes was fabricated by electron beam
lithography (EBL). Furthermore, the optical hyperbolic
properties of α-MoO3 were studied by scanning near-
field optical microscope (s-SNOM). Fig.4 (a) display the
AFM image of a circular hole microstructure, then we
can get the diameter of hole is 590nm and the thickness
d of α-MoO3 flake is 210nm. Fig.4 (b) and (c) show the
5near-field optical image of the circular hole with excita-
tion frequencies of 990cm−1 and 920cm−1, respectively.
The hyperbolic response of α-MoO3 is verified by this
method. At the frequencies of 990cm−1 and 920cm−1,
the in-plane spatial dispersion of α-MoO3 are elliptical
and hyperbolic. The circular hole microstructure pro-
vides the reflection boundary for the PhPs excited by
the AFM tip. The electric field without the circular hole
microstructure were the sum of the tip launched PhPs
and those reflected waves from the boundaries. In or-
der to verify this experimental phenomenon, we theoret-
ically calculate the electric field distribution which are
diplayed in Fig.4 (e-f) of the superposition of the PhPs
excited by the AFM tip and reflected by the boundary
of the circular hole, using the in-plane spatial disper-
sion in Fig.3 (c-d). The electromagnetic field after in-
terference can be expressed as ψ = ψ0 +
∑
j ψj [16, 17],
where ψ0 is the PhPs wave lanched by AFM tip, and
ψj = Rj × ψ0 exp[−2qj(θ)rj(γ + i)] are waves which re-
flected by the boundaries. Parameters Rj , γ and ri are
reflection coefficient, damping rate and distance between
the boundary and AFM tip. To simplify the analysis, we
just calculated interference of TM0 and fixed ψ0 and γ as
1 and 0.2 in the calculations, respectively. Fig 4(d) shows
the comparison between the calculation and the exper-
imental results along the [100] and [001] crystal direc-
tions of α-MoO3 flake. The well matching between them
proves the correctness of the theoretical flake waveguide
model.
In conclusion, we explain the propagation of PhPs
wave with the theory of 2D anisotropic flake waveguide
model. Based on vdWs α-MoO3 crystal, the dispersion
relation and electromagnetic field distribution of the TM
waveguide modes are calculated. And the numerical re-
sults are in good agreement with the analytical solution
of the theory. Then the biaxial hyperbolic optical re-
sponse of α-MoO3 in mid-infrared band is reflected. The
near-field optical scanning experiment of α-MoO3 circle
hole nanostructure demonstrated the biaxial hyperbolic
optical properties of α-MoO3 and verify the correctness of
the theory. Furthermore, the theoretical model is verified
to reveal the optical properties of waveguide materials.
It provides a theoretical method for optical propagation
in nanoscale.
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